We investigate the spatial structure of dense square-shoulder fluids. To this end we derive analytical perturbative solutions of the Ornstein-Zernike equation in the low-and high-temperature limits as expansions around the known hard sphere solutions. We then discuss the suitability of perturbative approaches in relation to the Ornstein-Zernike equation.
I. INTRODUCTION
The static structure factor is a function that characterizes the internal structure of a fluid. It is also directly accessible to experiments, notably via scattering methods. It carries quite a lot of information on the thermodynamic properties of the fluid [1] -it can be used to derive the equation of state -and at least part of the dynamics of arrest in the supercooled regime [2] [3] [4] .
However, from a theoretical point of view, computing a structure factor reveals to be particularly difficult, and few analytical results have been established so far. One of the first systems where a structure factor was computed analytically is the hard-sphere system, where a first pathway has been designed by Wertheim and Thiele [5] [6] [7] , then followed by Baxter [8] who proposed an alternative method where the full complexity of the structure factor is captured by a remarkably simple function. These works have then triggered a series of studies to refine our understanding of the hard-sphere fluid's structure [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
One of the simplest generalizations of the hard-sphere potential is the square-shoulder potential, which consists of adding a finite region of constant positive potential outside of the hard-core. It shares most properties with the hard sphere potential: it is finite-range, fully repulsive, and prevents particles from getting too close to each other. Moreover, this potential has two natural hardsphere limits: when the shoulder potential is very strong -or equivalently the temperature is very low -the outer-core becomes hard, on the other hand, when it becomes very soft -or equivalently when the temperature is very high -only the hard inner-core plays a significant role. Despite these properties, and a significant effort towards the theoretical understanding of this potential by use of various methods -improved mean-spherical approximation [23] , thermodynamic perturbation theories [24] [25] [26] , Rational Fraction Approximation [27, 28] ), no explicit analytical expression of the associated structure factor has been proposed yet, to the best of our knowledge. The closest result to such a solution has been * Electronic address: oliver.coquand@dlr.de † Electronic address: matthias.sperl@dlr.de gotten by use of the Rational Fraction Approximation (RFA) [27, 28] , which in the spirit of the first works on the hard-sphere system [5] [6] [7] is based on truncations of functions in Laplace space. More precisely, one function related to the Laplace transform of the pair-correlation function g(r) is expressed as a Padé approximant, the coefficients of which are then fixed by physical constraints. However, in the square-shoulder case, one of these constraints equations is transcendental and has to be solved numerically.
Our goal in this study is to get an understanding of how complexity emerges in this seemingly simple system, by an investigation of the behavior of the structure factor of the square-shoulder fluid in the vicinity of its hardsphere limits where its expression is known. Starting from Baxter's solution [8] , which is the hard-sphere solution with the simplest formulation, we build the lowest order corrections to the hard-sphere behavior in a perturbative fashion, both in the low temperature limit where, compared to the particle's typical energy, the shoulder appears quasi-hard, and in the high-temperature regime where the soft core potential barrier is small compared to their typical kinetic energy. This allows us to highlight how the structure of the Ornstein-Zernike equation prevents the construction of a simple solution in this latter regime, already at lowest order.
The paper is organized as follows: in a first section, we recall the method of Baxter. In the two following sections we build respectively the low-and high-temperature expansions around that solution, and discuss the properties of the perturbative series. The thermodynamic properties described by those structure factors are described in a second companion paper [29] II. REMINDER: THE HARD-SPHERES SYSTEM First, we recall the Baxter's derivation of the structure factor of the hard-sphere fluid [8] . The diameter of the hard spheres is called R. Remembering that in a fluid the structure factor S(q) has no singularity, the Wiener-Hopf factorization can be used to write it as follows: Additionaly, Q is a real function [8] . In an isotropic fluid, S does not depend on the direction of the wave vector q, and the Wiener-Hopf function Q is related to its direct space counterpart by the following relation:
where ρ = N/V is the fluid's density, N the number of particles and V the volume of the system. Finally, the Ornstein-Zernike equations can be rewritten in terms of the Wiener-Hopf function Q(r) [8] :
where c(r) is the fluid's direct correlation function, and h is related to the pair correlation function g by h(r) = g(r) − 1.
If the Ornstein-Zernike equation are closed by use of the Percus-Yevick equation:
where U (r) is the particle pair potential, we also get c(r) = 0 as long as r > R. Then Eq. (3) naturally leads to choose Q(r) = 0 is this region as well. As a result, all integrals in Eq. (3) evaluate on a finite domain. Because hard particles cannot overlap, h(r) = −1 for r R. We therefore need to compute Q(r) only in a region where h(r) is known exactly, what greatly simplifies the search for a solution. Two successive derivatives can indeed be applied to the second equation in Eq. (3) to yield:
that is, Q is a polynomial of degree 2 in r. Finally, plugging this condition back into Eq. (3), with the additional requirement that Q is continuous at r = R, gives the final result:
where the three coefficients can be written in terms of R and the packing fraction ϕ = πρR 3 /6 :
The structure factor is then easily deduced from Eq. (2) and Eq. (1). The greatest strength of this formalism is that a function S(q) with an a priori very involved expression is completely expressed in terms of a simple polynomial of degree two with only two independent coefficients. Therefore, such a method appears to be a promising candidate to investigate small deviations from the hard-sphere potential. A similar study has been conducted previously on the square-well potential [30] , which is similar to the square-shoulder potential from this perspective.
III. LOW-TEMPERATURE EXPANSION
The square-shoulder potential is defined by addition of a region of constant, positive potential U 0 to the hardsphere case:
where d = λR is the outer-core diameter. The packing fraction of the outer core φ = πρd 3 /6 can also be defined. The square-shoulder potential is one of the simplest generalizations of the hard-sphere potential with one additional characteristic length scale. In particular, it shares the properties of being entirely repulsive, and short-range.
In order to be able to solve the Ornstein-Zernike equation Eq. (3) with the Percus-Yevick closure, Eq. (4), we need simplifications in the three regions of Eq. (8) . By analogy with the hard-sphere case, we know that inside the hard-core g(r) = 0, and in the outside region where U (r) = 0, the direct correlation function c(r) is also equal to zero. We will thus assume Q(r) = 0 for r > d (it is a trivial solution of Eq. (3)). Inside the soft core however, additional assumptions are needed.
In the low-temperature limit U 0 k B T , the contact value g(R + ) is higher than in the corresponding hardspheres system. Indeed, the hard-sphere contact value in the Percus-Yevick approximation is:
which gets bigger and bigger as ϕ approaches 1. As the temperature is decreased, the potential in Eq. (8) ressembles the one for hard-spheres of diameter d, whose packing fraction is not ϕ, but φ = λ 3 ϕ > ϕ. Thus this contact value can grow quite big, but is always finite if we do not allow φ to grow bigger than 1. Then, for larger values of r inside the shoulder, after a very sharp decrease, g(r) saturates to a value which is all the more small that the temperature is small. This can be explained in the following way: if U 0 k B T , very few particles have the possibility to interpenetrate in the shoulder region. The expected form of g(r) is then that of a low density gas, which saturates to the value of the average fraction p of particles that are able to cross the potential barrier.
Since the decrease of g(r) is very sharp, the contact value contributes little to the integrals in the Ornstein-Zernike equations. For our purpose, we will thus approximate g in the following way:
There can be various ways to define the constant p, but its precise form has little impact on the quantitative results. For the moment, we will therefore leave it unspecified. Since p is all the more small as T is small, we will use it as a small parameter for our expansion [36] . Plugging Eq. (10) back into the Ornstein-Zernike equation Eq. (3), it is convenient to split the Wiener-Hopf function into four parts:
The Eq. (3) then rewrites:
Note that due to the additional integral terms in the first and last equations, the condition Eq. (5) only holds in the region II (for r ∈ [d−R; R]). Acting with two derivatives on these equations leads to the following set of coupled differential equations:
As the left-hand side of these equations is proportional to the small parameter p, we can already anticipate that Q I and Q III can be written as a polynomial of degree two plus a small correction. 
The Eq. (13) imposes the relation:
so that we can restrict ourselves to Y III i i∈[ [1;6] ] , that we will simply denote Y i i∈ [[1;6] ] . Moreover, the Wiener-Hopf function Q must be real, therefore for i 3,
which ensures that the number of constraints from the boundary conditions is sufficient to solve completely Eq. (13).
The roots X i have the following behavior when p is small:
so that the general solution Eq. (14) expanded at order O(p) is a polynomial of degree 3 in r.
Finally, the Ornstein-Zernike equation Eq. (12) can be solved using the following ansatz:
where i ∈ {I, II, III}, and e II = 0. For the sake of simplicity, let us decompose each coefficient according to its p expansion: e i = e (1)
For each of these coefficients, the leading order term is independent of the considered region and is consistent with Baxter's solution for hard-spheres of diameter d = λ R :
The other coefficients are as follows:
a (1)
e (1)
These terms are the first correction to the Wiener-Hopf function of hard-spheres once a fraction of their hard-core becomes soft. Since the solution of the Ornstein-Zernike equation is known exactly, it is to be noted that such a computation is easily generalized to higher orders in p, in which case the limiting assumption should be the form of g(r) which is taken to be constant inside the integrals. It then appears that going to higher and higher orders in powers of p amounts to take as an ansatz for Q(r) a piecewise polynomial of increasing degree.
IV. HIGH-TEMPERATURE EXPANSION

A. The Full Percus-Yevick Solution
We now turn to the high-temperature regime of the square-shoulder potential, Eq. (8): U 0 k B T . Thanks to the Percus-Yevick closure, Eq. (4), we already have sufficient knowledge inside the hard-core, and outside the potential range: as in the low-temperature case, we only need further an approximation inside the soft core r ∈ [R; d]. Since we are still dealing with a potential with only one additional length scale, it is convenient to use the splitting, Eq. (11), so that the Ornstein-Zernike equation now reads:
In the region II, the ansatz (6) still holds; for the two other regions however, we need knowledge about the pair correlation function inside the shoulder. However, contrary to the low-temperature case, where the pair correlation function approaches a small constant, in the high-temperature regime, g(r) approaches its hard sphere value outside the hard core -further corrections are of next order in an expansion in powers of Γ = U 0 /k B Twhich full exact analytical expression is not known, to the best of our knowledge. The problem of finding an expression of the hard-sphere pair-correlation function g(r) within Percus-Yevick's approximation has nonetheless been solved explicitly by Wertheim in the region r ∈ [R; 2R] [5] , and then used in a number of subsequent studies [7, 10, [31] [32] [33] [34] [35] .
For the sake of simplicity, we use here a different but equivalent approach: instead of giving an explicit expression to g(r), the Percus-Yevick equation (4), combined with Eq. (3) can be used to re express g as a function of Q alone. The Eq. (23) becomes non-linear in Q, but a careful spliting of each part of the Wiener-Hopf function in the Γ expansion, combined with the knowledge of the order O(Γ 0 ) which is nothing but Baxter's solution, Eq. (6), is sufficient to solve the equations. The details are given in Appendix B.
The main result is that Q III can still be expressed in the form:
where the X i 's are the roots of some specific polynomial. However, their high-temperature expansion has the form:
so that Q does not take a polynomial form anymore:
Given the involved expressions of X
i 's, which are the roots of a polynomial of degree three, such an expression does not yield very useful analytical results when the boundary condition equations are solved. In the following, we design further approximation schemes, so as to get a better analytical framework to deal with the high-temperature regime.
This form of Q's expansion should not come as a surprise in as much as the Ornstein-Zernike equations on the Wiener-Hopf function Q, Eq. (23), depend explicitly on the pair correlation function in a regime where its analytical expression is already quite heavy [5] . The fact that the Γ expansion of Q is not a polynomial, even at the lowest order is a hint that Baxter's solution does not yield a convenient starting point for an expansion at high temperature.
B. Approximations of the pair correlation function
In order to get a simpler approximation of Q(r), the first ingredient we need is an analytical approximant of g(r) inside the shoulder. As already stated, to lowest order in Γ, we can restrict ourselves to an approximate expression of the hard-sphere g(r) in the region near the hard-core in the Percus-Yevick approximation.
The Ornstein-Zernike equation Eq. (3) relates directly the pair correlation function to the Wiener-Hopf function. In the hard-sphere case, it is thus possible to use Baxter's solution Eq. (6) to get a polynomial approximant of g(r) in the vicinity of the hard core. As a matter of fact, defining F (r) = rh(r), Eq. (3) can be written:
Calling F n (r) the polynomial obtained by truncating the Taylor expansion of F at order O(δr n ), we get an expression whose precision is typically of order O(δ n ), where δ = λ − 1.
Such polynomial approximants are however ill-behaved and lead to unstable solutions except for very low values of δ. Indeed, even if they reproduce well the behavior of F near the core, high order terms lead very rapidly to excessive, positive or negative, values of F (and thus g), at odds with the expected physical tendency, see Fig. 1 . To overcome this difficulty, we chose to use the simplest exponential ansatz compatible with the two first orders of the δ expansion, namely,
with
(29) The corresponding pair correlation function g exp is displayed in Fig. 1 . It approximates well Baxter's solution in the immediate vicinity of r = R, and far away form it. However, it misses the typical oscillatory behavior. Clearly, the quality of such an ansatz is diminished by going to higher values of δ, especially if ϕ is also quite high, but its precision cannot be captured by a simple power of δ, it is not anymore a small-shell expansion.
Obviously, better approximations of g can be designed -recall that its exact expression within the Percus-Yevick approximation is known for δ 2 [5] -but we want here only to work out the simplest, yet physical, solution for the square-shoulder structure factor in a hightemperature expansion around Baxter's solution. As we show in the following, even this simplified solution is quite involved.
C. The truncated Percus-Yevick solution
As a consequence of the truncations of g(r), we cannot work with the first equation of (23), since the terms of order O(Γ 0 ) do not cancel anymore -and Q III is of order O(Γ). Instead, the Percus-Yevick equation should be used to determine Q III . In the appropriate region, it reads:
where we have used the fact that, since Q III should go to zero as Γ → 0 -this is the hard-sphere high-temperature limit -the second factor in the integral can be replaced by its hard-sphere value Q b .
The natural way to proceed is then to take derivatives to get a linear differential equation:
Note that such an expression is possible thanks to the polynomial character of Q b . A simple solution ansatz can be found, with the form of F :
but it can be shown not to fulfill the boundary conditions of the equation (30) before derivation. Therefore, a solution of the homogeneous equation, of the form:
where {x i } are the roots of:
must be added. We recover the same problem as in the full Percus-Yevick case: the general solution is expressed in terms of exponential terms, not reducible into polynomials by a simple Γ expansion. This impedes the expression of the coefficients in Q as simple functions of the boundary conditions. We must therefore push our approximation even further.
In order to do so, note that if δ is not too big, the hardsphere term in the convolution integral in Eq. (30) is not too different from its constant term. We can thus safely replace Q b by c b . We then do not need to take derivatives to find a linear differential equation. The general solution for Q III has the form:
where q 3 = 6 ϕ R(1−ϕ) comes from the homogeneous solution, and q 1 = F 1 /F 0 comes from the left-hand side term. The full expressions of the remaining coefficients can be found in the Appendix C. As expected, Q III is of order O(Γ).
The remaining parts of the Wiener-Hopf function are then derived by plugging back into the Eq. (23) the truncated expression of g(r) and the expression Eq. (35) . As discussed before, Q II still has a polynomial expression,
but Q I as well as Q III is not polynomial anymore: 
The quite lengthy expression of the coefficients are given in the Appendix C. They illustrate the complexity of the solution, even at this level of approximation. As expected, both Q I and Q II can be written as Q b + O(Γ).
D. Discussion
The evolution of the Wiener-Hopf function Q with r is represented on the Fig. 2 . In particular, this graph displays how we get from the first hard-sphere limit to the high-temperature Q(r), then to the low-temperature one, and finally to the second hard-sphere limit as the temperature is decreased. The shape of the square-shoulder Q(r) appears to be quite similar to the hard-sphere one, except for a cusp located at r = R which is associated with g(r) developing a second discontinuity, as is wellknown from previous data (see [24, 27] for example).
Note that, to the contrary, the transition for Q I to Q II remains smooth. Indeed, in Eq. (23), as r → d − R in region I, the last integral term in the Ornstein-Zernike equation smoothly goes to zero. Thus, the values of Q I and Q II get equal in that region. The values of the temperature parameters are chosen a bit outside of the range of applicability of our formulas to emphasize the deformations induced by temperature. In particular, due to the exponential behavior of p with T , quite large values must be taken to separate the low-temperature curve form its hard-sphere limit.
All in all, we have investigated the possible constructions of high-temperature expansions around Baxter's hard-sphere solution, valid for square-shoulder systems with very weak shoulder potentials. It has been shown that the design of such an expansion turns out to be much more involved than in the low-temperature case. Even at the lowest level of approximation, the main asset of Baxter's solution, simplicity, is lost, alongside with the polynomial character of the Wiener-Hopf function. The source of these difficulties has been identified: in the high-temperature case, the knowledge of the form of the hard-sphere pair correlation function outside of the core plays a crucial role, but cannot be accurately captured by simple functions of the packing fraction ϕ. This will have further implications, as discussed in the companion paper.
V. CONCLUSION
All in all, we have shown how Baxter's solution to hardsphere's structure factor can be extended to treat the high-and low-temperature sectors of the square-shoulder structure factor. In the low-temperature regime, our computation can be generalized to higher orders to improve precision. Moreover, the typical exponential dependence of p with respect to Γ generally ensures that already at moderate temperature the low-temperature predictions should be quite good. However, at high tem-peratures, the lack of simple approximant of the hardsphere pair correlation function outside of the core makes the Baxter's solution a not so judicious starting point for a temperature expansion. This result has two main origins: first, the Percus-Yevick closure is particularly adapted to the hard-sphere potential -it reduces the problem to the computation of Q(r) in a region where g(r) is known exactly -but this cannot be easily generalized to any other potential. Second, the Ornstein-Zernike equation involves a convolution integral which appears to be poorly adapted to the design of perturbative expansions other than the virial one (indeed the convolution integral is proportional to the density).
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Appendix A: Low temperature equations -Exact solution
Let us first rewrite the Ornstein-Zernike equation Eq. (13) in the following form :
where Ψ 1 (r) = Q III (r), Ψ 2 (r) = Q I (r + R), A = 12pϕ/R 3 and B = 12pϕ/R. Both Ψ 1 and Ψ 2 are solutions of the equation:
whose characteristic polynomial is:
its roots are thus known. The general solution is a combination of exponentials of the six roots, which can be divided in three sets of complex conjugates X ± 1 , X ± 2 , X ± 3 , with the additional condition that it is a real function (what imposes conditions on the relative coefficients of the exponentials of two conjugate roots).
Explicitly, these roots are given by:
The signs ± refer to the factor of Eq. (A3) the X's are solution of. It must not be forgotten that, although this solution is exact, the equation we used in the beginning Eq. (A1) is only meaningful in the low-temperature regime where the approximation that g(r) is constant in the outer-core is justified; it should not be understood in any way as an exact solution to the Wiener-Hopf function problem in presence of a full square shoulder potential.
We shall now derive the form of the general solution to Eq. (A1) at order O(p). The low-temperature expansion of Eq. (A4) yields:
(A6) As can be anticipated from the form of the characteristic polynomial Eq. (A3), it is expressed in terms of the sixth root of (-1) and (+1).
We now go back to the Wiener-Hopf function. Let's define X 4 = X − 1 , X 5 = X − 2 , X 6 = X − 3 , and the following coefficients:
The Ornstein-Zernike equation Eq. (13) imposes:
In the following, we will thus only work with the set {Y III j } that we will simply denote {Y j }. Moreover, the Wiener-Hopf function must be real, therefore,
Then, we introduce some more adapted notations:
as a function of which the general solution of Eq. (13) can be expanded in powers of p:
All in all, even if the general solution to the Ornstein-Zernike equation within our set of approximations is a sum of exponential functions, polynomial expressions for the Wiener-Hopf function are recovered in the frame of the p-expansion. Interestingly, Q I and Q III , when developed at order O(p) see their degree simply be augmented by 1.
Finally, the general solution to the equation at first order in p can be expressed as a degree three polynomial, what justifies the ansatz Eq. (18) . Moreover, Eq. (A12) specifies the p dependence of such coefficients when retrieved in an expansion of the exponential solution. Plugging it back into the Ornstein-Zernike equation Eq. (12) , we see that in the boundary condition equation, only the constant term should be taken into account in the integral terms with a p prefactor (the coefficients of higher order terms all vanish in the p → 0 limit and are thus subdominant at this order). Only then should we plug back the ansatz Eq. (18) and express the boundary conditions in powers of p.
Appendix B: High temperature -the full Percus-Yevick Solution
A first way to tackle the problem is to use the Percus-Yevick equation inside the soft core:
combined with the Ornstein-Zernike equation for the direct correlation function:
Plugging this back into Eq. (23) to replace every occurrence of g(r) yields the following three equations:
• r ∈ [R; d]:
The equation Eq. (B4) still has the usual solution:
For the two remaining equations, we must explicitly use the Γ expansion. In the limit Γ → 0, the solutions are:
A main difference between the equations (B5) and (B3) on the one hand, and the low-temperature (13) on the other hand, is the highly non-linear character of the former. As a consequence, in order to get linear differential equations on the Wiener-Hopf function, we must not take two, but five additional derivatives. With the following notations: 
It is a linear differential equation, whose characteristic polynomial is:
where we defined:
Defining υ = υ 0 /υ 1 , its roots can be found. Indeed, for arbitrary θ, the roots of
are:
so that finally,
The remaining roots of polynomials of order three can then be found exactly. They all have the form:
with X 0 i = 0 and X 1 i = 0. The Q III function thus expands as:
(B18) Finally, the structure of the Γ expansion is not compatible with a polynomial Wiener-Hopf function. This is due to the fact that X 0 i = 0, which is in strong contrast to what happened in the low-temperature expansion. 
The exponents in the exponential terms are:
The coefficients q 0 and q 2 vanish, as expected, in the infinite temperature limit (Γ → 0):
Finally, the polynomial part of Q III is parametrized by:
and also vanish at high temperatures.
• Q II coefficients They write as a II = a b + a
II Γ, and c II = c b + c
II Γ, where a b , b b and c b are the Baxter's values for the corresponding hard sphere system given by Eq. (7) . The first order coefficients are given below. a (1)
× 3645 e 8(2ϕ 2 +5) 
× 10935(5 − 2ϕ) 6 (55ϕ 5 − 323ϕ 4 + 643ϕ 3 − 406ϕ 2 − 505ϕ + 50)ϕ 9 e 4(4ϕ 2 +ϕ+10) 2ϕ 2 −7ϕ+5 − 90(5−2ϕ) 2 (ϕ 2 − 2ϕ+ 10) 4 e 2(ϕ 2 +19ϕ+10+λ(7ϕ 2 −17ϕ+10)) (ϕ−1)(2ϕ−5) 
c (1) The coefficients q 1 and q 3 are inherited from Q III and given above. Only the three coefficients present in the hard sphere solutions have a non-vanishing Γ → 0 limit. They write as a I = a b + a
I Γ, and c I = c b + c
I Γ, where a b , b b and c b are the Baxter's values for the corresponding hard sphere system given by Eq. (7) . The values of the first order corrections are as follows:
The other coefficients are:
q 10 =Γ 3R 2 (5 − 2ϕ) 4 ϕ 2 (6ϕ 4 − 29ϕ 3 + 72ϕ 2 − 72ϕ + 50) 16(ϕ 2 − 2ϕ + 10) 3 (5ϕ 3 − 18ϕ 2 + 3ϕ + 10) ,
